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Black Box Optimization
a.k.a. Derivative-Free Optimization
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Finite Difference

Let φ : Rn → R.
For each coordinate i = 1, 2, . . . , n, let ei be the ith column of In×n.

∂φ(x)

∂xi
= lim

h→0

φ(x+ hei)− φ(x)
h

⇒⇒ [g(x)]i =
φ(x+ hei)− φ(x)

h

If the gradient of φ is L-Lipschitz continuous, then

‖g(x)−∇φ(x)‖ ≤
√
nLh

2
.
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Finite Difference

no noise:

‖g(x)−∇φ(x)‖ ≤
√
nLh

2
.

objective function with bounded noise:

f(x) = φ(x) + ε(x) and |ε(x)| < εf

‖g(x)−∇φ(x)‖ ≤
√
nLh

2
+

2
√
nεf
h

Albert S. Berahas, Liyuan Cao, Katya Scheinberg MOPTA 2021 5 / 15



Interpolation

The sample set is {x, x+ hu1, x+ hu2, . . . , x+ hun}, where
{u1, u2, . . . , un} ⊂ Rn with ‖ui‖ ≤ 1 for all i.

huᵀ1
huᵀ2

...
huᵀn

 g(x) =


f(x+ hu1)− f(x)
f(x+ hu2)− f(x)

...
f(x+ hun)− f(x)

 ⇒⇒ hQX g(x) = FX

error bounds:

without noise: ‖g(x)−∇φ(x)‖ ≤ ‖Q−1X ‖
√
nLh

2

with noise: ‖g(x)−∇φ(x)‖ ≤ ‖Q−1X ‖
(√

nLh

2
+

2
√
nεf
h

)
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A Little Bit Summary

method formula bound

FD gi(x) =
f(x+hei)−f(x)

h

√
nLh
2 +

2
√
nεf
h

interp hQX g(x) = FX ‖Q−1X ‖
(√

nLh
2 +

2
√
nεf
h

)
GSG∗ g(x) = 1

N

∑N
i=1

f(x+σui)−f(x)
σ ui

∗ Gaussian smooth gradient; ui ∈ Rn, ui ∼ N (0, I) for all i independently
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Gaussian Smooth Gradient

origin of the formula:

F (x) =

∫
Rn

f(y)
1(√
2πσ

)n exp

(
−‖y − x‖

2

2σ2

)
dy

∇xF (x) =

∫
Rn

f(y)
y − x
σ2

1(√
2πσ

)n exp

(
−‖y − x‖

2

2σ2

)
dy y ∼ N (x, σ2I)

=

∫
Rn

f(x+ σu)

σ
u · 1(√

2π
)n exp

(
−‖u‖

2

2

)
du u ∼ N (0, I)

=

∫
Rn

f(x+ σu)− f(x)
σ

u · 1(√
2π
)n exp

(
−‖u‖

2

2

)
du

g(x) =
1

N

N∑
i=1

f(x+ σui)− f(x)
σ

ui
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Gaussian Smooth Gradient

When f = φ (no noise) and has L-Lipschitz continuous gradient,

‖∇F (x)−∇f(x)‖ ≤
√
nLσ.

Not bad comparing to ‖Q−1X ‖
√
nLh
2 .

However we don’t have the expectation ∇F (x), only the finite sum g(x).
While Eg(x) = ∇F (x), its has large variance

Var{g(x)} = 1

N
Eu∼N (0,I)

[(
f(x+ σu)− f(x)

σ

)2

uuᵀ

]
− 1

N
∇F (x)∇F (x)ᵀ.
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Gaussian Smooth Gradient

‖g(x)− φ(x)‖ ≤ ‖∇F (x)−∇φ(x)‖+ ‖g(x)−∇F (x)‖

With Chebyshev inequality:

Theorem (Berahas, Cao, Scheinberg, 2019)

When e(x) = 0 (no noise), if

N ≥ n

(1− p)r2

(
3‖∇φ(x)‖2 + L2σ2

4
(n+ 2)(n+ 4)

)
;

or when |e(x)| ≤ εf , if

N ≥ 3n

(1− p)r2

(
3‖∇φ(x)‖2 + L2σ2

4
(n+ 2)(n+ 4) +

4ε2f
σ2

)

then for all x ∈ Rn and r > 0, ‖g(x)−∇f(x)‖ ≤
√
nLσ + r with probability at

least p.
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Ball/Sphere Smooth Gradient

F (x) = Eu∼U(B(0,1))[f(x+ σu)] =

∫
B(0,1)

f(x+ σu)
1

Vn(1)
du

∇F (x) =
n

σ
Eu∼U(S(0,1))[f(x+ σu)u]

With Bernstein inequality:

Theorem

When |e(x)| ≤ εf , if

N ≥
[
6n2

r2

(
‖∇φ(x)‖2

n
+
L2σ2

4
+

4ε2f

σ2

)
+

2n

3r

(
2‖∇φ(x)‖+ Lσ +

4εf

σ

)]
log

n+ 1

1− p
,

then for all x ∈ Rn and r > 0, ‖g(x)−∇f(x)‖ ≤
√
nLσ + r with probability at

least p.
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Summary

Table: Bounds on N , σ and ‖∇φ(x)‖ that ensure ‖g(x)−∇φ(x)‖ ≤ θ‖∇φ(x)‖ (∗∗∗

denotes result is with probability p).

Gradient
Approximation

NNN hhh or σσσ ‖∇φ(x)‖‖∇φ(x)‖‖∇φ(x)‖

Forward Finite
Differences

n 2
√
εf
L

2
√
nLεf
θ

Central Finite
Differences

n
3
√

6εf
M

3√9 3
√
n3/2Mε2

f

2θ

Linear
Interpolation

n 2
√
εf
L

2‖Q−1
X ‖
√
nLεf

θ

Gaussian Smoothed
Gradients∗∗∗

9n
(1−p)θ2

n
(
√
n−1)2

+
3(n+4)
16(1−p) + 3

n(1−p)

√
εf
L

6n
√
Lεf
θ

Centered Gaussian
Smoothed Gradients∗∗∗

9n
(1−p)θ2

n
(
√
n−1)2

+ n+6
48(1−p) + 3

4n(1−p)
3

√
εf√
nM

18 3
√
n7/2Mε2

f
3√4θ

Sphere Smoothed
Gradients∗∗∗

[(
6n
θ2

√
n

(
√
n−1)

+ 4n
3θ

) √
n

(
√
n−1)

+ 3n
8

+ 6
n
+
√
n
3

+ 4
3
√
n

]
log n+1

(1−p)

√
nεf
L

4n
√
Lεf
θ

Centered Sphere
Smoothed Gradients∗∗∗

[(
6n
θ2

√
n

(
√
n−1)

+ 4n
3θ

) √
n

(
√
n−1)

+ n
24

+ 3
2n

+
√
n
9

+ 2
3
√
n

]
log n+1

(1−p)
3
√
nεf
M

6 3
√
n7/2Mε2

f
3√4θ
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Numerical Results

On a test function with n = 20:
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Numerical Results

On Moré&Wild test set:

(a) τ = 10−1 (b) τ = 10−3 (c) τ = 10−5

Figure: Performance profiles for best variant of each method.
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Numerical Results

On OpenAL Gym reinforcement learning problems:
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