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Black Box Optimization

a.k.a. Derivative-Free Optimization

typical objective function

N
x o f)= ) log(1+expGi- 2RO | f(x)
i=1

use derivative based algorithms:
gradient descent , L-BFGS, Newton’s method

black box objective function

x — fx)
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Finite Difference

Let ¢ : R® — R.
For each coordinate ¢ = 1,2,...,n, let e; be the ith column of I,,«.,.
Op(x) _ .. ¢z + he;) — () ¢(x + he;) — ()

0 I = lo@)i = I
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Finite Difference

Let ¢ : R® — R.
For each coordinate ¢ = 1,2,...,n, let e; be the ith column of I,,«.,.
Op(x) _ .. ¢z + he;) — () _ (@ + he;) — ¢(x)
L 7 = lo@)i = 7

If the gradient of ¢ is L-Lipschitz continuous, then

lo(@) ~ Vo(a)| < Y2E
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Finite Difference

no noise:

lg(z) - Vo (@)|| < @Lh.

objective function with bounded noise:

f(x) = o(x) + e(z) and |e(z)| < ¢

v/nLh n 2¢/nes

lg(z) = V()] = ;
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Interpolation

The sample set is {x, 2 + huy,x + hug, ...,z + hu,}, where

{ur,ug, ..., up} C R™ with ||u;|| <1 for all .
hui f(x + huy) — f(x)
h + hug) —
| g | FeH R =T |
huy, f(x + huy,) — f(x)

error bounds:

th
th 2\/ﬁ€f>
h

without noise: [|g(z) — Vo(z)|| < [|Q%

with noise: ||g(z) — Vo(z)|| < HQXIH (
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A Little Bit Summary

method || formula bound

FD gi(z) = w \/EQLh I 2\/hﬁef

nterp | hQuo(r) = F oz (a2 + 240)
GSG* g(z) = & ZN Mui

* Gaussian smooth gradient; u; € R™, u; ~ N (0, I) for all i independently
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Gaussian Smooth Gradient

origin of the formula:

R R =
R B e =) LY
= . f(w-(lT—au)u. (\/217)n exp(—@)du u~ N(0,1)
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Gaussian Smooth Gradient

A derivative-free trust-region algorithm for the optimization of functions
smoothed via gaussian convolution using_adaptive multiple importance sampling
A Maggiar, A Wachter, IS Dolinskaya, J Staum - SIAM Journal on Optimization, 2018 - SIAM

In this paper we consider the optimization of a functional F defined as the convolution of a

function f with a Gaussian kernel. We propose this type of objective function for the

optimization of the output of complex computational simulations, which often present some ...

Yr UU Citedby7 Related articles All 3 versions Web of Science: 1

When f = ¢ (no noise) and has L-Lipschitz continuous gradient,

IVF(z) = Vf(2)|| < vnLo.

1” \/'Tth-

Not bad comparing to ||Q} 2
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A Maggiar, A Wachter, IS Dolinskaya, J Staum - SIAM Journal on Optimization, 2018 - SIAM

In this paper we consider the optimization of a functional F defined as the convolution of a

function f with a Gaussian kernel. We propose this type of objective function for the

optimization of the output of complex computational simulations, which often present some ...

Yr UU Citedby7 Related articles All 3 versions Web of Science: 1

When f = ¢ (no noise) and has L-Lipschitz continuous gradient,

IVF(z) = Vf(2)|| < vnLo.

Not bad comparing to [|Q3"]| \/ﬁth'

However we don't have the expectation VF'(z), only the finite sum g(z).
While Eg(z) = VF(z), its has large variance

Verlg(a)} = Evenion | (1057

2
—f(a:)) uu’ —%VF(x)VF(w)T.
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Gaussian Smooth Gradient

lg(z) = ¢(@)|| < [[VF(x) = V()| + llg(z) — VE(z)]]

With Chebyshev inequality:

Theorem (Berahas, Cao, Scheinberg, 2019)
When e(z) = 0 (no noise), if

L2 2
Nz s (sIvetae + £

or when |e(z)| < €y, if

(n+2)(n+ 4)> :

3 L2 4¢3
N2t <3||V¢(x)||2 + -+ 2)(n+4)+ ;;”)

then for all z € R™ and r > 0, ||g(z) — Vf(z)|| < v/nLo + r with probability at
least p.
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Ball/Sphere Smooth Gradient

F@) = Buvsison e +ou] = [ j@t oy

VF(2) = “Eunusoay @+ ow)ul

With Bernstein inequality:

When |e(x)| < g, if

2 2 1252 4€2 9 4 1
N> b M+70+7f + 22 (2 V()| + Lo + —L logi,
r2 n 4 o2 3r o 1

then for all x € R™ and r > 0,
least p.

g(z) = Vf(z)|| < /nLo + r with probability at
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Summary

Table: Bounds on N, o and ||[V¢(x)]|| that ensure ||g(z) — Vo (z)|| < 0|Vo(z)| (*
denotes result is with probability p).
Gradient
Approximation N horao V@)l
Forward Finite 0. [t 2,/nLeys
Differences ___________________ [ 4 o T
Central Finite 3/6es Yo §/ni2mes
Differences N A
Linear 7 20Q%'I/nLes
n 2 T

Interpolation
Gaussian Smoothed
Gradients*

9n n 4 3lntd)
)62 (Vn—12 " 16(1-p)

3
+aaop

Centered Gaussian 4 4 3/ €7
Smoothed Gradients* (1-p)6? (Vn—1)2 " 48(1—p) ' 4n(1-p) VM a0
7§p|7e;e75r?1070t7heidiii7577\/:77;77777;7777\}777477774:1777715;7774}‘771;;77
Gradients® (5 i + ) iy + %+ 2+ 5 + 5] los 65 T g
Centered Sphere [(Gl Vol 47") N S ] Ton il o5 6 3/n7/2M6§
Smoothed Gradients* 62 (vn—1) 6) (Vn=1) = 24 " 2n 9 3v/m| %8 (1-p) M Vao
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On a test function with n = 20:
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Numerical Results

On Moré&Wild test set:
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Figure: Performance profiles for best variant of each method.
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Numerical Results

On OpenAL Gym reinforcement learning problems:
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