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Trust Region Method

min ¢(z)

¢ is smooth but we only have access to

f(@) = o(x) + e(x) ¢(x)
Ik instead of ¢ V¢(z)
Hj V24(z)
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Trust Region Method

Algorithm: Modified Trust Region Algorithm

Inputs: Starting point xg, initial trust region radius dg, and
hyperparameters 1y > 0,12 > 0, 7 € (0,1) for controlling the trust region
radius.
for k=0,1,2,... do

1 Build a quadratic model my(zg + s) = ¢(zg) + (&, s) + 0.5 (Hys, s)

2 Compute s by approximately minimizing my, in B(zg, dx) so that it
satisfies the Cauchy decrease condition.
3 Compute

flar) — [k + sp)+r
my(xg) — mg(zg + k)

4 if pp > m1 then
Set xx+1 = z + sk and

sy = T i llgell =020
+1 70, if || grll < m20k

5 else
| Set zp4+1 =z and Op41 = 76k
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Assumptions

IVé(x) = Ve(y)|| < Lz —yl| for all (z,y) € R" x R”
¢(z) > ¢ for all x € R™.

random variables: | X} X,j Er 5,?
realizations: | xr ap + s le(zr)| |e(xk + sk
random variables: | Gy Hi M, Ay Pk

realizations: | gg H,, my Ok Pk

We assume for all £ =0,1,...:

() ||Hk|| < Kbhm for some constant Kbhm (bound on hessian of model)
deterministically;

o P{||Gr — Vo(Xy)| < kegAk | Fr—1} > p1 for some constant keg (error of
gradient) and p; > 0.5, where Fj_1 is the sigma-algebra generated by all
the random events before iteration k;

]P{Ek > t}

PLEF > 1) } < exp(a(es —t)) and {(Ek, &)} independent.
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Assumptions

P{||Gr — VO(Xi)|| < KegAk | Fr-1} > p1

e Sample size needs to increase when Ay is small.

P{& >t}
P{&F >t}

} < exp(a(es —t)) and {(&k, &)} independent.

P{&; > t}‘

AN

€f t

o & can be dependent Slj , e.g. evaluated with the same sample set in an
ERM setting.
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While first-order convergence analyses for nonconvex functions typically work
towards a result of the form

a function of T that

i : <k<T-— < .
min{[[Vé(ze)l|: 0 <k <T -1} < converges to 0 as T increases,

we could not have that result due to stochasticity. Instead, the main goal is to
derive a probabilistic result of the form

P {min{||Vé(Xy)|: 0<k<T—1} < e}

> a function of T the converges to 1 as T increase

for any sufficiently large €.
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Lemmas for Individual Iterations

Lemma (sufficient condition for successful step)

If llgx — Vo(a)|| < Kegdr and e(zx) — e(xg + sk) +7 >0, and

1 1
8, < min - IVo(zi)| := C1||Vo(zi)ll
— +Kbhm+2Keg ’ ’
Reg + “xuatizmys feg T2

then pr, > m and ||gxl| > n20y.

Lemma (progress made in each iteration)

Let h(0) = %mngﬂfcd min{ 112 1} 82 := C562%. Then we have

Kbhm

(k) — d(Thr1) 2
h(ox) — e(xr) + e(xr + sx) — 7 if pr > m and ||g|| = 1204
—e(zr) +e(xk +sp) — 7 if pr > M
0 if pr < M1

Liyuan Cao INFORMS 2021 October 23, 2021



Classification of Iterations

Lemma (sufficient condition for successful step)

If llgr — Vo (op)|| < Kegdr and e(zy) — e(x) + s) +7 >0, and

1 1
5 < min - Vo (zk)| = C1|| Vo (k)|
= +Kbhm+2Keg ’ ’
Feg T T atimm) > Hes T2

then pr, > m and ||gel| > 120y

Define

I, = ]l{HGk - qu(Xk)H < "fegAk}
P{I; =1| Fx—1} > p1 assumed
Je=U&E+ & <r}
A = 1{A; > A}
= 1{Ay > TA}
where A = Cymin{||Vo(Xy)| : k=1,2,...,T —1}.
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Classification of Iterations

Define

Or = I{pr > m and |Gy > n2Ax}
0}, = L{pr >m}

Lemma (progress made in each iteration)

Let h(0) = %7717’]25]!‘5(1 min { n:;m , 1} 6% := C8%. Then we have

¢(rr) — P(Trs1) >
h(or) — e(xr) +e(xr +sk) =7 if px > m and || gk || = 926k
—e(zg) +e(xp +sg) — 7 if pr > M
0 if pr < M.
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Lemmas
Lemma (sufficient condition for successful step)

IfIka =1 and Ak =0 then ®k = 1.

v

Lemma (progress made in each iteration)

Let h(0) = %mnzlﬁfcd min { ijm , 1} 82 := C562%. Then we have
h(Ak)—gk—glj—T if@k=1

O(Xk) = d(Xpt1) 2§ —E =& =7 ifO =1

0 if ©, =0.
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Lemmas

Lemma (sufficient condition for successful step)

If[kjk =1 and Ak =0 then @k =1.

Lemma (progress made in each iteration)

Let h(0) = %mnzlﬁfcd min { Kb”f , 1} 6% := 0562%. Then we have
h(Ak)—gk—glj—T if@k=1

O(X) — d(Xiy1) > —E—&F —r if ) =1

0 if O = 0.

Lemma (total progress)

| A

For any positive integer T', we have

T—1 T-1
h(TA) Y O}, < dlmo) — b+ > O (E+ &5 +7).
k=0 k=0
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Lemma of Total Progress

Lemma (total progress)

For any positive integer T, we have

T-1

h(TA) Z@k/\k < ¢(zo)

k=0 =

O (Ee+ & +1).

|b1ﬂ

h(rA) = Cy (rCy min{||[Vo(Xp)|| : k=1,2,...T —1})
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Classification of Iterations

Li=1,J,=1 Iy=1,J,=0 Iy =0,J, =1 I, =0,Jr =0
* 4 X * v X * v X * v X
Ave (Ao 1 4 5 6 9 11 13 16 18 20 23 25
Ap e (tAA]l 2 7 14 21
10 12 17 19 24 26
Ap € (0,7A] 3 8 15 22
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Classification of Iterations

L=1J,=1 I, =1,Jy=0 I,=0,J,=1 I, =0,J,=0
* v X * v X * v X * v X
AveAoo)f 1 4 5 6 9 11 13 16 18 20 23 25
Ay € (TA Al 2 7 14 21
10 12 17 19 24 26
Ape(0,7A] 3 8 15 22

Lemma (total progress)

For any positive integer T, we have

T-1 T-1
h(TA) @kAk < QS(xO - (;AS + Z 62 (5’f + glj + 7‘) .
k=0 k=0
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Lemma of Total Progress

Since {(E, &)} are subexponential and independent

Lemma (total loss)

For anyt > 0,

T—1
IP{Z (5k+5lj+7") ZT(4/G+2€f+r)+t} < exp (—%t).
k=0

Lemma (total progress)

For any positive integer T', we have

T-1 T—
h(TA)> " OkA;, < ¢(z0) — Z O (Ex +EF +7)

k=0 k=0
< ¢(x9) — T(4/a+2¢p +71) +t

with probability at lease 1 — exp (—% )
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Ups and Downs of the Radius

L=1,J =1 Ti=1,J, =0 Th=0,J, =1 Ty =0,J5 =0
o v X * v X e v X * v X
Are (Ao 1 4 5 6 9 1| 138 | 16 | 18| 20 | 23 | 25
Ave (A, Al 2 7 14 21
10 12 17 19 24 26
Are0.7A]| 3 8 15 22
log(é)
s /AVAV g k
log(TA)
T—1 T—1
, A
E (1—=0p)A; < E OrA) + log_ 3 -1
k=0 k=0 v
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Downs and Ups of the Radius

I=1,J,=1 Iy =1,J,=0 I, =0,J,=1 I, =0,J, =0
* v v x * v X + v x
Are(Ao0)]| 1 4 9 11 13 16 18 20 23 25
Ay e (TAA)] 2 14 21
10 12 17 19 24 26
Ap e (0,7A]] 3 15 22
log(d%)
log(A) g

log(TA)




Iterations with Sufficiently Accurate Gradient Estimate

I=1,J,=1 Ii=1,J,=0 I, =0,J; =1 I, =0,J,=0
* v X * v x * v X * v x
Are (A )| L 4 5 6 9 11 13 16 18 20 23 25
Ay € (TA Al 2 7 14 21
10 12 17 19 24 26
Ape(0,7A]] 3 8 15 22

Assume P{I, =1 | Fr—1} > p1 holds. By Azuma-Hoeffding inequality, for any
positive integer T and any py € [0, p1] we have

T-1 .
P{Z I, >ﬁ1T} > 1—exp <(1P21/p1)2T> .

k=0

Liyuan Cao INFORMS 2021 October 23, 2021



[terations with Sufficiently Accurate Function

Evaluation

Are(A)| L 4 5 6 9 11 13 16 18 20 23 25
Ay e (TA Al 2 7 14 21

10 12 17 19 24 26
A e (0,7A]} 3 8 15 22

Assume both P{E;, >t} and P{&;" >t} are < exp(a(ey —t)). Let
po =1 —2exp(afer —r/2]). For any positive integer T and any po € [0, po], we
have

T—1
P {Z Ji > ﬁoT} >1—exp (_2(170 - ﬁO)QT) .
k=0
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Analysis

— A
’
(1 — @k)Ak < E ekAk + 1Og7_ (%) +1

i

k=0 k=0
T—1 o
Or(1 = AL) <> (1= 65)(1 - Ag)
k=0 k=0
T—1 D .
P {Z Iy > ﬁlT} >1—exp (—%T>
k=0
T—1

J > f)OT} > 1 —exp (—2(po — p0)°T)

Ed

(=}

]P{ U

T-1 _
/ .3 1 A 1
]P{ZekAk > (po +p1 — §>T—§logT (%) —2}

k=0

>1—exp (—%T) —exp (—2(po — ﬁO)QT)
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Main Result

dey +8/a+2r
Cy7m2C%(2p0+2p1—3)°

Let assumptions hold. Given any € > \/ we have

P {min{||Vo(X)||: 0<k<T —1} < e} >

e (‘%T) — exp (~2(po — po)’T) — exp (~ 1)

2£f+4/a+r

e Po —|—p1}, any t > 0, and any

for any po and p1 such that po + p1 € (% AF

.3 2+4/a+7\ "
T > - = -
- (po TP 2 01(7'026)2 )

plao) —d+t 1 Cae\ 1
Ci(rGaer T38| 5 ) T3
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Main Result

dey +8/a+2r
Cy7m2C%(2p0+2p1—3)°

Let assumptions hold. Given any € > \/ we have

P {min{||Vo(X)||: 0<k<T —1} < e} >

e (‘%T) — exp (~2(po — po)’T) — exp (~ 1)

2£f+4/a+r

e Po —|—p1}, any t > 0, and any

for any po and p1 such that po + p1 € (% AF

.3 2+4/a+7\ "
T > - = -
- (po TP 2 01(7'026)2 )

Ci(rCae? T2%%\ 5, ) T2

d(xo) — ¢+t 1, <g§> 1

Every parameter is either from the algorithm or an assumption expect po,p1 and t.
We need to optimize the final result over them.

flep)—fleptsp)+r

() —m(en s from the algorithm. What value should we

In addition, recall pi =
use for r?
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P {ming<r{[|VO(Xi)||} < ¢}

A

A

-
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P {ming<r{[|VO(Xi)||} < ¢}

A

A
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P {ming<r{[|VO(Xi)||} < ¢}

A

A
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P {ming<r{[|VO(Xi)||} < ¢}

A

A

—
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Main Result

P {ming<r{[|VO(Xi)||} < ¢}

A
/

Unfortunately the optimal value for py, p1 and t can not be expressed with
basic mathematical operations.
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Main Result

P {ming<r{[|VO(Xi)||} < ¢}

A
/

Unfortunately the optimal value for py, p1 and t can not be expressed with
basic mathematical operations.

Fortunately we have the optimal value

2
r =2+ - log (aCy(1C2¢)?) .

Liyuan Cao INFORMS 2021 October 23, 2021



Remarks

e We also have result where we assume the noise is bounded like |e(z)| < ey
instead of being subexponential. The optimal value for p; has closed form.

@ We are working on the second-order convergence proof.

@ We hoped to use the weaker assumption
P {e(Xy) — e(X;5) +r >0} > po. It might be possible because the loss at
any accepted iteration is bounded:

Blrin) < 6(ox) + (Vo(e), 56) + 2 lsell® < 6w + Vo) + 7
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Remarks

e We also have result where we assume the noise is bounded like |e(z)| < ey
instead of being subexponential. The optimal value for p; has closed form.

@ We are working on the second-order convergence proof.

@ We hoped to use the weaker assumption
P {e(Xy) — e(X;5) +r >0} > po. It might be possible because the loss at
any accepted iteration is bounded:

Blrin) < 6(ox) + (Vo(e), 56) + 2 lsell® < 6w + Vo) + 7

Thank you!
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